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Abstract

Some formulae for decomposition of partial and covariant derivatives of any order are established.
From these we obtain the compatibility conditions for the jump of derivatives of scalar functions
and tensors which are regularly discontinuous across a hypersurface. Thus the formulations of
ordinary compatibility conditions and of “distributional” compatibility conditions are re-expressed
in a noniterative form, extended to any order, and related to each other.
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1. Introduction

In space—time compatibility conditions relate the jump of partial derivatives of a regu-
larly discontinuous function (a physical variable), while crossing a hypersurface X' (wave
[front of a discontinuity wave), to the normal vector and its derivatives, by means of some
functions which are characteristic of the discontinuity. They are essential for the study of
wave propagation phenomena in relativity [8,15-17,20,23], and it can be shown [1,2] that
they unify, as their space and time components, the well-known geometric and kinematic
compatibility conditions of classical mechanics [3,4,7,13,22,24].

A general compact but implicit formula, for any order of derivation, of these conditions
was given by Cattaneo {5,6] (see Section 4.6).
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Similar conditions hold for tensors; these conditions are usually formulated [2,18] up
to the second order, and can be extended to higher orders by iterative derivation. Another
method, due to Lichnerowicz [15-17], gives the same results in terms of distributions and
tensor distributions, also in this case up to the second order of derivation, and suitable of
an iterative extension [9].

Here we establish, in the local geometry framework, a decomposition formula for iter-
ated partial derivatives of any order (7) and one for covariant derivatives (38). From the
application of these formulae we obtain the general compatibility conditions (47) and (49)
in a direct (not iterative) form. Some other decomposition formulae (9), (41) are given, from
which the “distributional” compatibility conditions (52) are obtained, also in this case in
direct form and for any order of derivation.

The introduction of ordinary and distributional infinitesimal discontinuity (46) and (51)
clarifies the relation between the two formulations of the compatibility conditions, and
allows to move easily from one to the other.

2. Decomposition of iterated partial derivatives
2.1.. Inner and exterior derivatives

Let Vy 4 be a differentiable manifold, x its generic point. Greek indices run from 0 to
N and latin ones from 1 to N except where otherwise stated. In £2 C Vw41, open and

connected set with compact closure, let f € C"(£2), m € N,m > 1. Let £, def 0y f and
£o # 0in £2. Following Cattaneo [5,6], we introduce the inner (to the genenc hypersurface
X f = const.) partial derivatives 3, and the exterior partial derivative 3:

- Vi o 1
B oy — 230, Y —a. (1)
£o £

We have the following decomposition of the operator d,:
o = 8o + €ad. )

These derivatives have the following properties: 50 = (), [5,,, 5,3] = [5, 3«1 = 0. About the
iterated partial derivatives of orders 2 and 3, we have, from (2),

080y = éﬂéa+eaﬂ5+5ﬂ5¢x5+ea5ﬂ5+5ﬂea52, 3

0,080, = 5,,5,350, + eaﬁpé + e,g,,éaé + eapéﬁé + eaﬁépé
+ fpéﬂéaé + fﬂépéaé + fa(:;péﬂé + fapeﬂéz + fﬂpfaéz
+ Laplpd® + £,05300% + €0 8p0% + £5048,0° + £,05€,0°, )
where £os & 3580, Lagy X Bpbap. ...

!n (3) and (4) we recognize a formal polynomial in 9 with sums of operators of the kind
“¢9” as coefficients. With the generic operator of the kind “£3” we mean any operator
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given by products of components of £ and of its derivatives times some operators of inner
derivative (example: £,£g, 50 5,,), including the cases of a simple “£” product operator
(example: £, €g¢€, ), and that of a simple “3” inner derivation operator (example: {;p 5;; Be)-

In order to recognize the same polynomial structure in any order of derivation, which, as
will be shown in Section 4, has interesting consequences for the compatibility conditions,
we are soon going to define the suitable general operator coefficients.

2.2. Multi-indices

We indicate a multi-index with a capital latin letter.

If A is a multi-index, let |A] be the number of indices of A: for example, if A =
Uplln_1...¢1, |A| =n.

If B and C are two multi-indices, let B 4 C be the multi-index given by their joining: for
example, if B = B8,,fm—1...1and C = ys¥5—1...y1,.then B4+ C = B ... Bi1¥s ... V1.
Thus [B + C| = |B} + |C|.

If we consider a multi-index B constructed with a subset of a given multi-index A, we
write B C A (for example, if A = a¢fpouv and B = vBo, then B C A).

We say that two multi-indices B, B’ C A are different in indices if they are not constructed
with the same subset of indices of A, i.e. if there is no permutation of B that gives B’. Of
course, if |B| # |B’| then B and B’ are also different in indices.

When a multi-index A = «,,...a) is given, we say it defines a reference decreasing
order. If B C A is increasing with respect to this reference decreasing order (for example,
if A = agas...qq, then B = wrasas is increasing) we indicate it by the expression
B = B™, B = B~ if itis decreasing.

Letthe expression { B4+ C = A} indicate the set of all possible different in indices couples
(B.C) such that B, C C A and B + C is equal to A or to some permutation of A.

If {B;} is a finite family of multi-indices withi = 1, ...k, let |{B;}| = k denote the
number of multi-indices of that family.

If A is the multi-index A = o, 0,_y ... 1, let 04 def 0a, Oa,_; - - - O, ; similarly for other
differential operators.

2.3. The operator coefficients

Now we define the operator coefficient: if A is a multi-index and j € N, let

Pie.5) ¥ Z( > ]_[68,-)50 (5)
(B+C=A) {Z; B;=B]} i

c=C~ UB;Y=j. 1;,~=B‘_+

Asexplained in Section 2.2, the first sum in (5) is over all possible couples (B, C), B, C C A,
different in indices and with C decreasing, such that B+C is equal to A or some permutation
of A; the second sum is over all possible different sets { B;} of j increasing multi-indices
such that }_; B; is equal to B or to some permutation of B.



236 G. Gemelli/ Journal of Geometry and Physics 20 (1996) 233-249

In other words (5) is the operator given by the sum of all possible operators of the kind

“¢3” such that:

(1) are constructed with all the indices a,, ... &) of A;

(2) contain j factors of the kind “£”;

(3) indices are taken in decreasing order in the terms of the kind 3¢, and in increasing order
in the factors £, (with respect to the reference decreasing order of A = ¢, ... 1), as
shown by — and + symbols in (5).

It is easy to show that (2) is equivalent to
(2) contain |A| — j derivatives, counted among those in 3¢ and those of the components
of the gradient vectors £.
As for example (we omit for brevity the “(€, 5)”):

PY=08a~ P} =ta oy, - Loy ~ Pgo = Ladp + £pds + Lap,
Ploo =Ladpp + a3 + odpa + Lapdp + Lapdp + Lppda + Lapp,
Pl =Lalpdy + £pLp0n + Lalpdp + Laplp + Laplp + Lppla-

Furthermore, let Lj (£, 3) be the sum of all the terms of Pj (,d) containing only factors of
the kind “¢”, and let (La)j (¢, 3) be the sum of the remaining terms: (LB)’ © p Lf‘.

For example we have:
0 1
LA =O’\’ L’A = PX ~ LA =ea1...a,,v
L fa = Caplpy + Loplp + Lpply.

2.4. Decomposition theorem for partial derivatives

Given two general operators over tensors, A and B, let AB denote the product operator,
which operates on the argument T as follows: AB(T) = A(B(T)), and let (.AB) denote
the one that let .4 operate, in a formal way, only on B, and then operates on 7: (AB)(T) =
A(B)(T). For example:

3p Pl = Lapdp + Ladpdp + Lopda + £pdpda + Lapp + Lapdp,
Bp Pho) = Lapdp + Ladpdp + Lppda + Lpdpdu + Lapp-
We notice that the operators above differ for the term £,49,, i.e. L}S 200

In the general case, with our notations, it is not difficult to realize that we have the
following formulae for the operator coefficients:

( 7] a,, 1. (1]) - (8‘171 (1,, 1. a|)+ean(L5)(£,,_1.‘.alé’

a"n Pan 1.0 ( n an 1- al) +L‘£n—|---a] a"ﬂ’ (6
3 1

Pc{,, o (‘san a |...a|) +L¢jx,,f|...alaan +e‘1n Pj —1..01°

where §,, is Cattaneo’s double-valued differential operator [5,6]:
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5 def d, if operating over a factor of the kind “£”,
0 =

dy if operating over a factor of the kind “3".

Thus we can prove the following theorem.

Theorem 1. If A is a multi-index, then

AL
04 =Y _ Pi(L, 8)d. (7

=0

Proof. Let A = «, ...«a|. After realizing that (2)—(4) give (7) forn = |A| = 1,2.3,in
order to prove (7) by induction, we suppose

n—1
aa,,_|...a| = Z Pc{,,_l‘..al aj‘ (8)
Jj=0

By derivation of (8) for d,,, (6) easily lead us to (7). O
2.5. “Scalar x derivatives” formula

Theorem 2. Let ¢ and  be two functions in C"(£2), n € N, and A be a multi-index with
|A| = n. Then

[A]

Yoap =y Y PLED(DId v g, ©)

j=0
where the equivalence =y, means equality but for terms containing inner derivatives of V,
and where of course the P i (£, 3) operator coefficients are constructed with the same method
5) of Pi (e, 3), but with the partial derivatives 3y in place of the inner derivatives E

Proof. For the operators P/{ (£, 3), instead of (6), the following analogous formulae hold
(this time we omit the *“(£, 9)”):

(da,, o)) = (8a, Py - )
Outy P, = Oy P, )+ Ly, .ty Oetn (10)
P(il,....a| = ((San a,,_l...aq) + L:! n—1-..0 aCl’n + Ean Pa_ll oy

From (2) 8 (¢y) = Y ds¢ + ¢ (0¥ + £ 31//) =y Yo+ £a¢81// so (9) is verified for
n = |A| = 1. Then, in order to prove (9) by induction, we suppose

Vo On—1. al¢ =y Z .. al _l)jéjw 9, (11a)

9V B,y ® ¢Z S (DI g, (11b)
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After derivation of (11a) for 9y, and substitution of (11b), formulae (10) easily lead us to
). 0

We furthermore notice that (10) hold also if ¢ or ¢ is a distribution over the space of C”
test functions with compact support K C $2, once the definition of product of a function
times a distribution and that of derivative of a distribution (see for example [12,14]) are used.

3. Decomposition of iterated covariant derivatives
3.1. Inner and exterior covariant derivatives

Let Vx4 be a Riemann manifold, V, its covariant derivative, and Raﬂ ; = g Fap" —
8o lg, " +1,,"Ig,” —Ig, "I, 7 its curvature tensor, where I, ;% are Christoffel’s symbols
(see for example [19, p.219] or [11, p.31]).

In 2 C Vy41, open and connected set with compact closure, let f € C™(£2), m > 1.
Let £, def dy f and £g9 # 0 in £2. We define, similar to Section 2.1, the inner “covariant”
derivative @a and the exterior one V:

G ey g ey (12)
£o )
The result of the operation V, is still a tensor with respect to coordinate transformations of
the type: ¥’ = xi/(xk), ¥ = xol(x"), i,k=1,...,N,a =0,..., N; such transforma-
tions also keep V = V' unchanged.
Like in Section 2.1 there is the following decomposition:

Vo = Vo + £, V. (13)

Again Vg = 0, but this time these operators do not commute, so much more complications
arise when we are looking for formulae similar to (7) and (9) but involving covariant instead
of partial derivatives. In order to reach this aim, which later will reveal its utility, we are led
to introduce, in the following, some suitable differential operators.

It results, from the definitions,

VVe = VoV = %(VOVQ ~ Va Vo), (14)
where in the general case Ricci’s formula (see for example [21, p.140] or [ 10, p.188]) holds:

(VVa = Va VAT, " = Ropg Ty "+ - — Rop T — -+ (15)
Let us define the operator 7y oo (ﬁ@a — 60,%), ie.,

FaTy %RQO; o SETEE %Raog Ve (16)
Furthermore we give the iterative definition of a more general operator 74:

For-an = VeyTaytpy — Fatyoitny Vet (17)
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3.2. Commutation and inversion formulae

By definition (16) of r,, Ricci’s formula for the commutation of inner and exterior
covariant derivatives is

VVgs — VgV = 7. (18)
Now we introduce the operator R 4:

def

Ra = PL(F. V) (19)

(where P /{ (r, f7) is obviously the analogue of operator (5) for j = 1 with 7 in place of ¢
and V in place of 3). Since R, = r,, the second covariant derivatives can be decomposed
as follows:

VpVe = VgVa + (Lap + £Va + £aVp)V + LalpV’ + LR, (20)
where Lgg def Vgy. We have the following:
Theorem 3. For every multi-index A,

VVa — V4V = Ry 1)
Proof. In this case, the formulae analogous to (6) are the following:

6&,, Ra,,,]...gl = (601,, Ra,,_g...alz + ;a,,_|...a1 6ot,, ,

N (22)
Ra,,...m = Vo, Rap_..ay + Foy Vou_y ..oy -
The validity of (21) forn = |A| = 1 is assured by (18). If we suppose
66&):,,_1...011 = 6{1,,_1..11] 6 + Ra,,_l‘..al s (23)

then, for (18) YV, o, = Va,VVa, | a; + Fay Va,_,..ay» 50 from (23) and (22) we get
21). O

Moreover, let us introduce the operators ’R,(,' ),i eN,i>1:

: . 1 o 1
ROT 9 (Rl )T =0 (Rl )T+ 2

with R,(,l) = Ry = Fy. For them it results
VRY = RUFD L ROV, (25)
At last we define the formal differential operator

Do ¥V, + RV, (26)
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which, of course, makes sense only if applied to the exterior derivative VT of a tensor:
DaﬁT = Vo, VT + R,T. Now we can rewrite (18) in the following form:

VVy = DV (27)
and (21) as follows:

V¥4 = DsV 28)
by introducing the inversion operator

Da Vs +R4V, (29)

which also makes sense only when applied to the exterior derivative VT of a tensor. It is not
difficult to prove, for example by iteration of (27), the 1mportant property that the inversion
operator Dy can be expressed by product of operators D(,, of (26):

Dq, .a, = D, Da,_, - - Da,- (30)

1 * "

If we define the operator D™, m > 0, by

V", = DY ~ D L GmG Vv me N, 31)
then the inversion formulae hold:

ViDIM = pitmvi. ieZ, i+m=>0. (32)

These formulae have a precise meaning once we establish which is the form of the operators
D((,,k). For example, from (32) one can easily find:

béO) = 6{1’
B = By = Vo + RV,

DD = ¥, + 2R,V + ROV2, (33)

DY =¥y + 3RV + 3RPV2+ ROV,

In the general case it is possible to recognize that
. ko /& L
b =3 (4 ) RE¥- (34)
i=0

having defined, Rg e V. Operator (34) is admissible, i.e. it makes sense, only if applied
to the kth exterior derivative VT of a tensor.
Now we can consider operators of the kind:

~ def = (k. = (kn_ ~
Dk Z plk) ple-v | plo. 35)

Operators of this kind can be explicited from (31) and (32):
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B B = Z ( )Rm Z ( )R(”V i+,

i=0
D(”D(")D(”) Z( )R(I)Z( ) R
1= =0
h—(l+i)

y Z (h —U+D ) R+t

The operators above are admissible when 7 > k > r, and when applied to a V" For
example, if r=h =k =1,

DgDo = VgVy + (VgRa + RgVe)V ', (36)
DpDgDy =V, VgVy + (V,VeRe + V,ReRy +RpVpVe) VL

It is also possible to calculate explicitly the general operator of the kind (35); it results

n— lkn —Sij
B =] ljv_:’(kn‘—st'f)R('" Do, (37)

ap...ay . o
n . In— n—j
j=0 i,_;=0 n—J

1.
where o,,, = Zl 1 i and s j = Ij o in—1,and one can recognize that such an operator

is admissible only when
@k 2ky > 2 ky (ki €N),
(b) it is applied to the mth exterior covariant derivative of a tensor VT with m > k.

3.3. Decomposition theorem for covariant derivatives

Theorem 4. If A is a multi-index, then

A
Va=Y PyL, D)W/, (38)
j=0

where the operator coefficients Pf{(L, D®) are constructed with the same method (5) of

P} (€.8), but with L in place of € (where Lap = Vplo, Lapp = VyLap ...) and D in
place of 3, and the upper indices (k) are assigned to each “D, " according to the following
rule (R of D®) in (38) stands for “rule”).

Rule. Each upper index k of D™ must solve the equation
k=j+1—-i+a, (39)

where:
(1) j is the upper index of the Pg in which the considered “Da,« ” appears,
(2) i is the index of o; with respect to the given A = «,, ... @},
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(3) a is the total number of indices ¢y, with [ < i, that appear in the same “L D” term of
the considered Dy, as index of derivation (of the kind Dy, or of covariant derivation
of the normal vector £, like for example in Lg, .a...).

Proof. With our notation (13) and (20) can be re-expressed as

Vo=DO 4+ £,%, (40)
VpVa =D DO + (Lap + gD + a DGOV + Lalp V2.

They satisfy rule (39), their operators are all admissible in the sense of Section 3.2, and
moreover they assure the validity of (38) for n = |A| = 1, 2. It is easy to see that the
admissibility of an operator is preserved by derivation for V,, and the same occurs, of
course, for the polynomial character in V. So, if we prove that rule (39) is also preserved
by derivation, the theorem will be proved
Let us consider, then, the genenc “LD” term of Pa,. 1.1 » SUPpoOSse it satisfies rule (39),
and let us derive itby V,,, = Va + £y V
(a) Vg, acts over the “L” factor of “LD” making a new term appear in P({'n,“al . The upper
indices (k) have not been touched, i, j and a are not changed, so the rule is still satisfied.
(b) Va" acts over the “D” factor of “L D”, making a new term appear in Pa,. ap» aterm of
the kind “LV,, D” Indices in “D” are unchanged, and the index 0 for D (Vo, = D(O))
satisfies th_e rule, because i = nand a = n — 1 — j (for, as seen in Sectlon 2.2,in each
term of PJ,,_I..,O,, there are exactly n — 1 — j derivatives).
(c) £q, V acts over the “D” factor of “LD”, making a new term appear in PJ:}O,, . The new
indices (k) are now increased by 1 (for the inversion formula (32)), but also j is now
increased by 1, so the rule is again satisfied. O

For example we consider

VpVgVy = 6,,6,360, + (Lagp + LﬂpDa + La,ﬁﬂ + La,ﬁ,, + Epﬁﬂéa
+€5V Dy + €V, V)V + (Loplp + Lgpla + Lagly + £, DP
+,8aDp + L V)V + £,850,V°,

i.e. by (33) and (37):

VoVeVa =V, VsVy + £,VRe + €yRgVe + LgpRe + €5V Ry + L5, RP
+(Lagp + LgpVa + LapVp + LagVp + £,V + €5V, Y,
+£4Vp Vg + 2058, Ry + LalpyRe)V + (Laplp + Lppla + Lagl,
F,05Vy + £plaVp + Lgla V)V + €£,L50,V

3.4. “Scalar x derivatives” formula in the covariant case

Let now v be a function € C™(£2), and let T be a tensor of the same continuity. Similar
to (9) we have the following:
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Theorem 5. If A is a multi-index, j € N, then

AL
YVAT =y Y PIUL. VI(=DIdIy T, (41)
=0

where this time =y, means equality but for terms containing Dt(xk) of ¥ and of their exterior
derivatives 3%

Proof. (41) is easily verified for the first integers. Moreover ( 10) remain unchanged if one
substitutes P (£, 0) with P(L, V) and 9, with V,, so (41) can be considered proved. 0

Analogous to (10), (41) holds also if ¢ is a distribution, the product of a distribution
times a tensor being a tensor distribution (see [14]).

4. Compatibility conditions

4.1. Discontinuity hypersurface

In £2 let X be a hypersurface of equation f(x) =0, f € C"(£2),m > 1. Let £, def B f

and let £y # 0 in £2. X divides §2 into 27 and £2 in accordance with the sign of f.

If we consider inner and exterior partial or covariant derivatives (1) and (12), we have
that inner derivatives have on X values depending only by the restriction on X of the
function or tensor they are applied to [2]. In particular, ¢|5x = const., T|y = const. =
809 = VoT =0on X.

Let ¢ be a function € C(2\ X):

et(x) ifxeRt,
p)y=1"_ : -
e (x) ifxe$27,
with g+ & glor € C(2T) and o~ & glo- € C(2).
If ¢t and ¢~ admit, in each point of X, the limits (pg and ¢, when the point x tends to
X, respectively for f — 0% and f — 0, then on X the jump or discontinuity is defined:
def -
[0l = v5 — 9 - (42)
and X is called a discontinuity hypersurface for ¢.
Algebraic properties of the jump are:

o +¥] = [p] + [¥], lov] = [pl¥ + @l¥]

being =y %(1//*’ + ¥ 7). In particular, the product with a continuous function ¢ ([¢] =

0, ¢ = @) commutes with the jump operation.
All these can be extended in a natural way to tensors.
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4.2. Regularly discontinuous functions and tensors

Let ¥ € C™($2\X) (the same continuity supposed for X), and let ¢+ def Y|+ and

their derivatives admit a limit over X, such that the jumps [¥], [3x¥], . . . are well defined
on X' up to order m.

Furthermore, let ¥+ and ¥~ be prolongable in an m-regular manner in an open set
U O X, ie. let them be the restrictions to U* and U~ of two functions 1/f:t e C™(U)
whose derivatives take on X values corresponding to the limits of the derivatives of ¥ *. In
such a case we call  an m-regularly discontinuous function on 2.

An m-regular function (i.e. of class C™(U)) is also m-regularly discontinuous (with null
discontinuities).

If m = 0, we simply say that the function is regularly discontinuous. Finally, we say that
the function is m-regularly discontinuous of order rif € C r=1(82), but ¢ & C7(£2).

It is not difficult to show that a sufficient condition for y* € C™(2%) to be m-
prolongable is that their limits on X and those of their derivatives are bounded.

Once a prolongation ¥ is chosen, it is possible to define the jump of ¥ and of its
derivatives not only on X but wherever in U:

def

W=yt -y~ eC™W),
def — —
(0] = %y — 8y~ € C"I(U), ...
so that in U the operations of jump and of derivative commute:

dul¥]=[0¥], 8adpl¥] = [0adp¥], ..., (43)

and the same is for jump and inner or exterior derivation, being £ € C™~1(U).

But, on X, [{] and its derivatives are independent from the choice of the prolongation.

Therefore in the following, when writing the jump of a regularly discontinuous function
and of its derivatives, itis intended that they are considered on the discontinuity hypersurface
X, the only place where they are well defined; but, for what previously seen, we can apply
without any problem the differential operators 8y, 9;, d to them.

The extension to tensors is trivial.

4.3. Infinitesimal discontinuity

We call infinitesimal (or weak) discontinuity of order n of the m-regularly discontinuous
function ¢, the function

My L3y, n=0,....m (44)

We borrow name and notation from Lichnerowicz [15-17], who defines it for tensors, as a
tensor distribution (see Section 4.5). 3"y corresponds to the o, introduced by Cattaneo in
(51

We denote [¢] = 3% and 9y = 8.
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From the definition it follows: 8"t = 53". The operation of infinitesimal discontinuity
has properties similar to those of a derivative:

day)=ady VaeR,  dg+y)=0p+dv, (45)

which justifies the notation. The typical rule of derivation of a product also holds, but only
for continuous functions.

A fundamental property is that if ¢ € C¥(£2), then 9’9 =0 fori =0,... k.

With complete analogy we define the infinitesimal discontinuity of a regularly discon-
tinuous tensor 7T':

T v (46)

It is a tensor of the same order of T, defined on X.
4.4. Compatibility conditions

Having introduced the infinitesimal discontinuity, from the decomposition formula (7),
by simple “multiplication” for [¢] (i.e. applying the formula to ¢ and then calculating the
jump), we obtain, as a corollary, the compatibility conditions for partial derivatives of a
regularly discontinuous function:

A
[3ap] =) P{(€,8)dp (47)
j=0

analogue of those by Cattaneo [5,6], but in explicit form (provided one knows the operator
coefficients from (5)). Moreover in the particular case that ¢ is (JA| — 1)-continuous (i.e.
3f(p = 0 for j < |A|) conditions (47) give those in [24, p.498, formula (176.11)].

As for example we have:

[820] = Dl 0] + £ D (48a)
(800 0) = 3pdul@) + (Lpda + Ladp + Lap)do + Lalpd’e, (48b)
[000p820] = 3p0p3a[@] + (Capp + £8p0u + Lapdp + Lapdp + £p0p0a
+ €83,8y + Ladpdp)d@ + (Laplp + Laple + Laplp + £,€p0y
F €pladp + £50,0,)0°0 + £y lplad 0. (48¢)
Similarly, the decomposition formula (38), by multiplication for [T'], in the hypothesis that

the curvature tensor is at least of class C'41=2 (such that all its derivatives appearing in (38)
have null jumps) gives:

AL _
[VaT]=)_ Pi(L, D®)IT, (49)
j=0
which expresses the compatibility conditions for covariant derivatives of a regularly dis-
continuous fensor. For example:
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[VoT]=DOT] + €497,
[VgVoT]= D},"’D;O)[T] + (Lap + €D + 4 D{IT + £a 0T,
[(VoVaVaTl=V,VeValT] + (Lagp + LgpDe + LapVp + LapVy + £,Dp D
+ €5V, Dy + €aV, V)T + (Laplp + Lppla + Lagt,
+€,68DP +€,0,Dp + €58 V,)IT + £,058,9°T,

i.e. by (33) and (37)

[VaT)= Vol T+ £43T,
[VoVaT1= VsV T+ (Lag + €a Vg + £5Va)dT + Lulpd*T + LRy [T,
[V, VgVaTl=(V,V5Vy + £, VgRy + £pRsVy + LgpRa + €5V, Ry
+ L0 REVT + (Lapp + LgpVa + LapVp + LapVo + £,V Ve
+ 25V, Vg + €4V, Vg + 2056, R + £l Rp)IT
+ (Laplp + Lppla + Laplp + €p0sVa + €pla Vp + £5€u V)3T
+ €050, 0°T

(see [2, p.63]).

It must be said that, even if compact and expressive, (49) contains the unusual operators
D™ which must be explicitated by (34) and (35) (or by means of (37)), like in the examples
above, so it is not completely satisfying. Anyway it is direct and not iterative, for once (34)
is known, (49) does not contain anymore the 74 or other operators defined by iteration.
In the tensor case, anyway, the formulation in terms of tensor distributions is much more
useful and expressive, as we are going to see in the following section.

4.5. “Distributional” compatibility conditions

We denote by a boldface letter a distribution or a tensor distribution and refer to [12,14—
17] for a general treatment of fensor distributions and for the definition of Dirac’s mensure
distribution é associated to . We notice that, with our notations, a fundamental property
of § is 5‘,6 = 0, and thus, more generally:

346 =0 VA multi-index. (50)

Of course, 6 being a distribution, i.e. a scalar distribution, it also results 6,‘6 = 0 and
Rq6 = 0, so the =g relation introduced in Sections 2.4 and 3.4, becomes, in the case of §,
equality.

Now we define the distributional infinitesimal discontinuity of a tensor:

T 1yl (51)
It could seem strange that definition (51) works also for continuous tensors, but its meaning
gets clear once one considers the definition of product of a tensor and a distribution, and
that of derivative of a distribution [14—17].
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O™ T is in the general case a tensor distribution defined on X'. In the particular case that
T = ¢ is a function, it is a distribution.

If3/T = 0V¥j < m then the relation between infinitesimal discontinuity and distribu-
tional infinitesimal discontinuity is very simple: 8™ T = §3™ T, otherwise it is given by the
definition (51).

Now from the “scalar x derivatives” formulae (9) and (41), we get (by putting & in place
of ¥, [¢] in place of ¢ and [T] in place of T') the distributional compatibility conditions,
which hold without any hypothesis of continuity for the curvature tensor:

1Al .

8loapl = P{(t.8)8'¢p, (52a)
Jj=0
Al _

8[VaT]=) Pi(L,V)O'T, (52b)
Jj=0

(52b) extends to any order of derivation the analogous formulae by Lichnerowicz [15-17].
Examples of (52b):

6IVuT]= Vy(6[T]) + £,0T,
8[VEVaT] = VaVa(8IT)) + (Lap + £a Vs + €5 Ve)OT + £,£58°T,
6[VpVﬂVaT] = VpVﬂVa(é[T]) + (Laﬂp + LgpoVa + LopVg + LagVp (53)
+ £,V Vg + €8V, Vi + €V VE)OT + (Loplg + Loty
+ Laplp + LolpVa + pla Ve + Ls6a V)BT + £,050,8°T.
Lichnerowicz demonstrated the existence of two tensor distributions 8T and 8”7 (the last
one he denotes T’ or T) such that (52a) and (52b) hold, the second under further hypothesis
of a continuous T (i.e. [T] = 0), without giving their explicit form.
Formulae (52) are direct, expressive, and do not contain strange operators. It is clear that,
once (44) and (51) are known, (47) is equivalent to (52a) and, if the curvature tensor is

at least of class C141=2, (49) is equivalent to (52b), such that the two formulations can be
considered “dual”.

4.6. “Implicit” formulations

With our notations Cattaneo’s original formula of the general compatibility conditions
for a regularly discontinuous function [5] is:

|A]|
1
[0a¢] = IaA(Z Fa"wf")

k=0

, (54)
f=0
where 8, is the double-valued differential operator introduced in Section 2.4 and where
f is included, by definition, among the factors of the kind “¢”, and 3 among those of the
kind “3”. This formula is very expressive and compact, but “implicit”, in the sense that it
still needs |A| iterated derivations by 8, (and subsequently the position f = 0), thus in the
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applications it does not give much improvement to the method of simple iterated derivation
of (48a). One can obtain a similar formula, involving the general differential operators Dé'),
also for the covariant derivatives of a regularly discontinuous tensor, but it of course gives
the same problems mentioned at the end of Section 4.4, so we are not going to consider it.

It is of more interest to apply the same method used in [5] to the case of the distributional
compatibility conditions. We find that (52) are also susceptible of the following implicit
formulation:

|A| |A|

1 1
8loag] = aA(Z Fa"wf") . 8lVaT)= VA( Zyaka")
k=0 " k=0 "

f=0 f=0

(55)

These implicit formulations (54) and (55) counter-balance in part the above-mentioned
difficulties by their independence from the complicate definition (5) of the operator coeffi-
cients. Anyway our “explicit” formulations (47)—(52) undoubtedly have the good qualities
of clearly displaying the polynomial structure in the infinitesimal discontinuity and of not
needing any iteration.
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